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By developing a molecular dynamics model of bacterial chemotaxis, we present the first inves-
tigation of tracer statistics in bacterial suspensions where chemotactic effects are considered. We
demonstrate that the non-Gaussian statistics of full-coated tracer arises from the athermal bacterial
noise. Moreover, Janus (half-coated) tracer performs a composite random walk combining power-
law-tail distributed Le´vy flights with Brownian jiggling at low coating concentration, but turns to
an enhanced directional transport (EDT) when coating concentration is high. Unlike conventional
self-propelled particles, upon increasing coating concentration, the direction of EDT counterintu-
itively reverses from along to against the tracer orientation. Both these transitions are identified
to be second-order, with the phase boundaries meeting at a triple point. A theoretical modeling
that reveals the origin of such anomalous transport behaviors is proposed. Our findings reveal the
fundamental nonequilibrium physics of active matter under external stimuli, and underscore the
crucial role of asymmetrical environment in regulating the transport processes in biological systems.
Active responses to external stimuli in living sys-
tems, which help organisms to realize adaptive behav-
iors in changing environments, ubiquitously affect the
inner working and collective motion of complex biolog-
ical fluids. Such responses of active matter can recon-
struct the intrinsic irreversible nature of corresponding
off-equilibrium dynamics, thereby leading to the emer-
gency of intriguing and complex spatiotemporal behav-
iors. Like the magnetoreception in bird migration for
acclimatization to climate [1], and Le´vy walks in animal
movements for optimal foraging [2], the transport kinet-
ics of such active fluids with stimulus responses allows a
pivotal approach to reveal the novel statistical physics of
nonequilibrium systems.
On the other hand, as a typical active system with net
incoming flux of energy, the suspensions of motile bac-
teria demonstrate a rich variety of intriguing nonequi-
librium phenomena such as targeted delivery [3], ratchet
motors [4, 5] and violation of fluctuation-dissipation the-
orem [6]. Thus, exploring the exotic features and poten-
tial applications of such active media is of great physical
and biological importance. One reliable and universal
approach to probe their inherent properties is analyz-
ing the diffusion dynamics of a passive tracer immersed
in bacterial bath [6–11]. Rather than in conventional
equilibrium media, anomalous behaviors of tracer such
as enhanced transport [7] and non-Gaussian statistics [8]
are widely observed, thereby probing the intrinsic pecu-
liarities of bacterial suspensions. However, chemotaxis
[12–14], the biased movement of bacteria in response to
chemical stimuli, has not been addressed in those pre-
vious works. As chemotaxis is a basic and universal
phenomenon among motile bacteria, the nonequilibrium
physics of such active matter remains unrevealed, thereby
making it an urgent and striking issue to explore the
tracer statistics in bacterial suspension with chemotactic
effects.
In this Letter, we report the first investigation of tracer
statistics in bacterial suspensions where chemotactic ef-
fects are considered. A model of bacterial chemotaxis is
developed, to study the diffusion dynamics of an isolated
chemoattractant-coated spherical tracer in bacterial sus-
pension. As shown in Fig. 1(a), we consider a suspension
in a 2D box [4, 10, 15–18] L×L (L = 160µm) with peri-
odic boundary conditions, consisting of N bacterial cell
and a passive spherical tracer with radius R. Each cell
is represented by a spherocylinder [4], with a diameter
d = 1.5µm [19], a length 2d and an orientation ei denot-
ing the swimming direction (inset). Fig. 1(b) shows the
tracers used in our simulations, with the coated portion
colored in orange. The motion of bacteria [Fig. 1(c)] is
modeled based on the run-and-tumble dynamics of E. coli
[19] and chemotactic responses are realized by Monod-
Wyman-Changeux model [13, 14]. The details of model
are given in Supplemental Material [20]. Next, to ob-
tain the chemoattractant-concentration field c generated
by the coated portion, we assume that chemical spreads
in the bath by classical diffusion with diffusion constant
D, and also decays with a rate k in consequence of the
enzymatic activity of bacteria. Therefore, c obeys the
reaction diffusion equation [21–23]
∂tc(r, t) = D∇2c− kc. (1)
We use D = 500µm2/s based on the diffusivity of
MeAsp [24], a widely used chemoattractant in experi-
ments [13, 14, 24], and k = 10s−1 [23]. Particularly, the
time-dependent solution of Eq. (1) has a high conver-
gence rate [20], leading to a rational assumption that c
is instantaneously stationary, i.e., ∂tc ≡ 0.
Next, to test the validity of this model, we focus on the
concentration field for full-coated tracer given by c(r) =
c0Re
−
√
k/D(r−R)/r [20], where c0 is the coating concen-
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FIG. 1. (a) The snapshot of simulation system, where the
bacterial cell is represented by spherocylinder as depicted in
inset. (b) Three types of tracer used in our simulations. The
coated and non-coated portions are colored orange and blue
respectively. (c) Schematic diagram of the motion of run-
and-tumble bacteria in a chemoattractant-concentration field
c generated by the coated portion.
tration and r is the center-to-center distance between cell
and tracer. In particular, the minimal detectable con-
centration c∗ of MeAsp for E. coli is c∗ = 0.001mM [25],
leading to a signal-detectable region (SDR) in which the
cell can perform chemotactic behaviors. We specialize to
the case of R = 5.07µm [7, 8] and N = 784 with number
density φ = N/L2 = 0.03/µm2. As shown in Fig. 2(a)
where c0 = 1.0mM, the distribution of bacterial density
ρ indeed proves the existence of SDR. Further, the ra-
dius of SDR, rs, is measured for different c0 and shown
in the inset of Fig. 2(b). The high agreement between rs
and analytic values (red line, determined by c(rs) = c
∗)
corroborates that chemotactic effects can indeed be re-
produced by our model (See also Fig. S3 and Movie I).
Based on this model, the diffusion of full-coated tracer
in bacterial suspension is firstly investigated. Aver-
age over 20 independent runs are performed for each
c0. Fig. 2(a) shows the mean square displacement
(MSD) 〈∆x2(t)〉 = 〈|x(t) − x(0)|2〉 for a wide range
of c0, where x(t) is the position vector of tracer and
〈· · · 〉 denotes the ensemble average. It can be found
that tracer motion is short-time superdiffusive and long-
time Fickian. Moreover, 2D non-Gaussian parameter
α2(t) = 〈∆x4(t)〉/2〈∆x2(t)〉2 − 1 [26] is also calculated
to characterize the heterogeneity of tracer statistics [Fig.
2(c)]. The dramatic departure of α2(t) from 0 at short
times shows the emergence of non-Gaussian statistics and
a violation of central limit theorem (CLT). One perspec-
tive of such violation is that the non-Gaussianity can be
attributed to the athermal environmental noise which is
strongly correlated [27]. To rationalize this perspective
in our system, we use the Langevin formalism to describe
the motion of tracer:
x˙(t) = ξB(t) + ξT (t), (2)
where bacterial noise ξB denotes the perturbations ex-
erted by bacteria and ξT is the Gaussian white noise.
The autocorrelation functions of ξB are calculated, and
are found to follow an exponential decay [Fig. 2(d)].
Such correlation is same with the well-known Ornstein-
Uhlenbeck (OU) process z˙(t) = ξOU (t), where noise ξOU
is also exponentially correlated but Gaussian distributed
[28]. However, the probability distribution p(z, t) for OU
process has a Gaussian form [20], quite different from the
non-Gaussian tracer statistic (Fig. S4). Therefore, un-
like ξOU , ξB must be a non-Gaussian (athermal) noise,
as predicted by the aforementioned perspective. We fur-
ther confirm the non-Gaussianity of ξB [inset of Fig.
2(e)]. Corresponding non-Gaussian parameter defined as
K2 = 〈ξ4B〉/3〈ξ2B〉2 − 1 is also calculated. As shown in
Fig. 2(e), K2 and the maximum of α2(t), α2max, which
characterizes the non-Gaussian level of tracer statistics,
show same dependence on c0. Such strong correlation be-
tween K2 and α2max corroborates that the non-Gaussian
statistics of tracer indeed originates from the athermal
bacterial noise.
In striking contrast to full-coated tracer where the con-
centration field is spherically symmetrical, breaking the
symmetry of chemotactic signal can directly lead to a
biased bacterial noise (〈ξB〉 6= 0), thereby complicating
the tracer fluctuation. Thus, to quantitatively capture
the potential peculiarities of tracer statistics brought by
asymmetrical effects, we investigate the diffusion dynam-
ics of a Janus (half-coated) tracer immersed in bacterial
bath. By solving Eq. (1), corresponding concentration
field can be expressed as [20]
c(r, θ) = c0
∑∞
n=0
ankn(λr)Pn(cos θ), (3)
where Pn(t) and kn(t) (n = 0, 1, 2, 3, . . .) are the Legen-
dre polynomial and modified spherical Bessel function of
the second kind, respectively. The definition of θ is de-
lineated in the top inset of Fig. 3(a). an is determined 
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FIG. 2. (a) Bacterial density distribution where c0 = 1.0mM.
The blue line denotes the corresponding analytic SDR. (b)
Mean square displacements for a wide range of c0. Inset:
The radius of SDR rs versus c0. The red line represents the
analytic values. (c) Non-Gaussian parameter α2(t). (d) Au-
tocorrelation functions of bacterial noise ξB . (e) The plots of
α2max and K2 versus c0. Inset: Distribution of ξB when c0 =
0.005mM (circle). The solid line is the gaussian distribution
with same variance.
3by boundary condition, given by an =
2n+1
2kn(λR)
∫ 1
0
Pn(t)dt
where λ =
√
k/D.
We focus on the system where φ = 0.03/µm2 as well.
Unlike the motion of full-coated tracer which is always
long-time Brownian, Janus tracer demonstrates two dis-
tinct transport patterns for different c0. Representa-
tive trajectories of such two patterns are shown in Fig.
3(a) for c0 = 0.04 (main view) and 1.0mM (bottom in-
set) respectively. For low coating concentration (e.g.,
c0 = 0.04mM), the tracer alternatively performs persis-
tent walks and local jiggling, which are schematically in-
dicated by arrows and dashed circles respectively. To
reveal the inner nature of this unusual randomness, a
wavelet-based method [29] is employed to rapidly sep-
arate the persistent “active” runs [highlighted by grey
circles in Fig. 3(a)] from random “passive” jiggling. To
uncover the underlying differences between these active
and passive steps, we denote the length of active or pas-
sive segment as “step size”, l, and measure the distri-
butions p(l) based on over 100 independent trajectories.
As shown in Fig. 3(b), the size of passive step is expo-
nential distributed (highlighted in inset), indicating that
statistics of local jiggling obeys the descriptions of clas-
sic Brownian random walks [30]. More intriguingly, for
active steps, a power-law tail with slope µ = −2 can
be identified. Such power-law tail suggests that active
steps follow the landscape of Le´vy flights, where the dis-
tribution of step size is heavy-tailed with slope µ sat-
isfying −3 < µ < −1 [31]. Therefore, the transport
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FIG. 3. (a) Representative trajectories tracked for 800s when
c0 = 0.04 (main view) and 1.0mM (bottom inset) respectively.
The top inset denotes the definition of θ. (b) The distribution
of step size l plotted in log-log scale. (c) Distributions of
turning angles for c0 = 0.04 (top) and 1.0mM (bottom). (d)
Time evolution of VACFs for various c0. (e) The plot of V and
γL versus c0. The dashed line denotes the critical point. (f)
The log-log plot of V −V cc versus P −P cc for various bacterial
densities φ.
of Janus tracer at low c0 is identified to be a compos-
ite random walk (CRW) combining power-law-tail dis-
tributed Le´vy flights with Brownian jiggling. However,
such CRW doesn’t hold for high c0 (e.g., c0 = 1.0mM),
where the tracer motion maintains directional persistence
as delineated in the bottom inset of Fig. 3(a). Such rein-
forcing directionality can be quantitatively characterized
by the distribution of turning angles, which are deter-
mined by an error-radius analysis [32]. As shown in Fig.
3(c), the uniformity of turning angles for c0 = 0.04mM
(top) implies that no direction is preferred for turns in
CRW, while the biased distribution for c0 = 1.0mM (bot-
tom) shows that the corresponding transport is statisti-
cally directional. Hence, a “phase” transition for Janus
tracer can be identified, from CRW to enhanced direc-
tional transport (EDT) when increasing the coating con-
centration.
Moreover, as demonstrated by the long-time diffusion
exponent γL [Fig. 3(e), red crosses], which is deter-
mined by 〈∆r2(t)〉 ∼ tγL for long time scales, the long-
time transport of Janus tracer is found to be Fickian for
CRW and superdiffusive for EDT. Corresponding criti-
cal point cc0 can be identified at c0 = 0.1mM. Note that
〈∆r2(t)〉 = ∫ t
0
ds(t− s)〈v(s) · v(0)〉 where 〈v(t) · v(0)〉
is the velocity autocorrelation function (VACF). Hence,
as a more precise approach to identify the pattern of
such CRW-to-EDT transition (CET), we calculate the
VACFs of tracer for various c0 and show them in Fig.
3(d). Over sufficiently long times, VACF decays to zero
for c0 < c
c
0, and demonstrates a non-zero steady-state
value (denoted as V ) for c0 > c
c
0. As expected, V and
γL show the same dependence on c0 [Fig. 3(e)], corrob-
orating that such approach can indeed capture the inner
change of statistics when undergoing the phase transi-
tion. Particularly, the dependence of V upon log10 c0
is continuous-like, indicating such transition may be
second-order. A central feature of second-order phase
transition is that, physical quantities show power-law de-
pendence with characteristic critical exponents near crit-
ical point [33]. Hence, to probe this idea in our system,
we look for an analogous critical behavior near cc0, ex-
pressed as V − V cc ∝ (P − P cc )β , where P = log10 c0
and β is the critical exponent. V cc and P
c
c are corre-
sponding values for cc0. As shown in Fig. 3(f), V − V cc
versus P − P cc demonstrates a power-law relation with
critical exponent β = 1.5. Moreover, since critical ex-
ponent is usually system-independent [34], we system-
atically change the bacterial density φ to examine the
universality of such behavior. As expected, power-law
relation can still be identified, with β remaining 1.5 re-
gardless of φ. Therefore, CET indeed conforms to the
scenario of second-order phase transition.
On the other hand, Janus tracer follows the landscape
of active self-propelled particle when it undergoes the
EDT. For conventional self-motile Janus motors such
as catalytic Janus colloids [35] and laser-heated metal-
4capped particles [36], the propulsion direction is prede-
termined by corresponding surface geometry. However,
the direction of EDT is not prescribed. Instead, as de-
noted by the arrows in Figs. 4(a) and (b) where c0 = 0.05
and 1.0mM respectively, upon increasing c0, the propul-
sion direction undergoes an unexpected transition from
along to against the tracer orientation n [defined in the
inset of Fig. 4(c)]. Such counterintuitive behaviors can
be attributed to the asymmetric distribution of bacte-
rial density ρ [Figs. 4(a) and (b)], which directly leads
to a bias of bacterial noise. Such bias can be quantita-
tively described by the non-uniform distribution of in-
cluded angle ϕ between n and instantaneous ξB . For
c0 = 0.05mM, the probability distribution p(ϕ) [Fig.
4(c)] demonstrates that more collisions are exerted on
coated side (i.e., ϕ ∈ [0, pi/2]) due to that chemotac-
tic aggregation only exists near the coated portion [Fig.
4(a)]. Hence, the propulsion is along the direction of n.
However, for c0 = 1.00mM [Fig. 4(d)], the bias of ξB
reverses since ρ near non-coated side is higher than the
other [Fig. 4(b)], thereby leading to a counterintuitive
transport where the direction is against n.
To quantify such propulsion direction transition
(PDT), we define vp = 〈ξB cosϕ〉 as the propulsion veloc-
ity and show the corresponding dependence on c0 in Fig.
4(e) where R = 6.97µm. The sign of vp denotes the trans-
port direction of tracer. Positive and negative values rep-
resent directions which are along and against n respec-
tively. Particularly, as shown in the inset of Fig. 4(e),
power-law relation can still be identified near the critical
point cp0 = 0.28mM, suggesting that such transition is
also second-order. Further, to examine the generality of
this counterintuitive phenomenon, we walk through the
parameter space (c0 −R) that is physically realistic and
give the phase diagram of vp in Fig. 4(f). The critical
points for CET and PDT are depicted as blue circles and
red triangles respectively. It can be found that CET be-
comes indistinctive when R increases, since more effective
collisions can be exerted on tracer with larger size. More-
over, two phase boundaries meet at a triple point near
(0.1mM-5µm). That is, PDT only exists for R > 5µm.
For tracer with R < 5µm, the transport direction is al-
ways counterintuitively against the orientation.
To understand the inner physics of such intriguing
phase behaviors, from the perspective of quantifying the
biased bacteria noise, we denote Φc and Φnc as the
net influx of bacteria into the SDR S on the coated
and non-coated sides respectively, given by Φn/nc =∫
∂Sc/nc
jinc/nc · ds, where jinc/nc represent the net rates of
bacterium gain per unit of region boundary ∂Sc/nc [de-
picted in inset of Fig. 4(d)]. We use the influx difference
ζ = Φc − Φnc to characterize the bias level of bacterial
noise ϑ. Since CET and PDT are both second-order, ϑ
can be estimated by ζ using a first-order Taylor series
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expansion, given by
ϑ = κ0 + κ1ζ +O(ζ2), (4)
where κ0 is the intrinsic bias induced by the tracer ge-
ometry and κ1 is the factor measuring the effective influx
which collides with the tracer. For spherical tracer used
in our systems, κ0 = 0 and κ1 ∝ R.
In such a way, CET occurs when ϑ exceeds the max-
imum bias that can finally be dissipated. Considering
that cc0 for different R are all not high enough, we obtain
Φnc ' 0 due to that no chemotactic aggregation is near
the non-coated portion. Moreover, in consequence of the
small concentration gradient, jinc can be approximated as
constant, thereby making Φc ∝
∫
∂Sc
ds = ls, where ls is
the length of ∂Sc. Owing to the semicircle geometry of
∂Sc, we denote rc as the distance satisfying c(rc, 1) = c
∗,
then we obtain ls ' pirc. Hence, ϑ = κ1ζ ∝ Rrc, indicat-
ing that cc0 for different R locate at the contour line of
Rrc. However, the effects of Φnc is nonnegligible for PDT
where the boundary is given by ϑ < 0, i.e., Φnc > Φc. To
quantify such effects, we denote rnc as the distance satis-
fying c(rnc,−1) = c∗. Since rnc  rc at cp0, the bacterial
cells near ∂Snc can reach the tracer faster than near ∂Sc,
thereby making Φnc > Φc when Snc is large enough to
allow chemotactic aggregation. As the effective size of
Snc can be characterized by rnc/R, PDT will occur once
rnc/R reaches the threshold value. Hence, the analytic
phase boundaries for two transitions read
Rrc = χc, rnc/R = χnc, (5)
where the values χc and χnc are obtained using critical
5points (0.10mM-5.07µm) and (0.28mM-6.97µm) respec-
tively. As shown in Fig. 4(f), both phase boundaries
determined by Eq. (5) fit the simulation results well, cor-
roborating that the origin of such counterintuitive trans-
port behaviors can be theoretically revealed from captur-
ing the symmetry breaking of bacterial noise.
In summary, by developing a model of bacterial chemo-
taxis, we have presented what is to our knowledge the
first investigation of tracer statistics in bacterial suspen-
sions with chemotactic effects. We demonstrate that
the non-Gaussian statistics of full-coated tracer origi-
nates from athermal bacterial noise. Moreover, Janus
tracer performs CRW and EDT for low and high coat-
ing concentrations respectively. Unlike conventional self-
propelled particles, upon increasing the coating concen-
tration, the direction of EDT undergoes a counterin-
tuitive transition from along to against the tracer ori-
entation. Both these transitions are identified to be
second-order, with the phase boundaries meeting at a
triple point. A theoretical modeling is proposed from
the perspective of quantifying the symmetry breaking of
bacterial noise, which reveals the origin of such anoma-
lous transport behaviors. Our findings provide a sig-
nificant advance in revealing the fundamental nonequi-
librium physics of active matter under external stimuli,
and suggest a novel approach for efficient cargo delivery
utilizing stimulus-response technique and asymmetrical
design.
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